THE SQUARE ROOT PROBLEM FOR SECOND ORDER, DIVERGENCE 
FORM OPERATORS WITH MIXED BOUNDARY CONDITIONS ON U> 



PASCAL AUSCHER, NADINE BADR, ROBERT HALLER-DINTELMANN, AND JOACHIM REHBERG 

Abstract. We show that, under very general conditions on the domain Q and the Dirichlct 
part D of the boundary, the operator (— V-/iV+l) with mixed boundary conditions provides 
a topological isomorphism between Wp P (Gl) and L p (fl), if p S ]1,2]. 



1. Introduction 

The main purpose of this paper is to identify the domain of the square root of a divergence 
form operator —V • /xV + 1 on L p (fl) as a Sobolev space W^ p (fl) of differentiability order 1 for 
p £ ]1,2]. (The subscript D indicates the subspace of W 1,p {Sl) whose elements vanish on the 
boundary part D.) Our focus lies on non-smooth geometric situations in M. d . So, we allow for 
mixed boundary conditions and, additionally, deviate from the Lipschitz property of the domain 
O in the following spirit: the boundary dil decomposes into a closed subset D (the Dirichlet 
part) and its complement, which may share a common frontier within dil. Concerning D, we 
only demand that it satisfies the well-known Ahlfors-David condition (equivalently: is a {d— l)-set 
in the sense of Jonsson/Wallin |35[ II. 1]), and only for points from the complement we demand 
bi-Lipschitzian charts around. As special cases, the pure Dirichlet (D — dtt) and pure Neumann 
case (D = 0) are also included in our considerations. Finally the coefficient function fi is just 
supposed to be real, measurable, bounded and elliptic in general, cf. Assumption 14.21 Together, 
this setting should cover nearly everything that occurs in real-world problems - as long as the 
domain does not have irregularities like cracks meeting the Neumann boundary part 90 \ D. 

The identification of the domain for fractional powers of elliptic operators, in particular that 
of square roots, has a long history. Concerning Kato's square root problem - in the Hilbert 
space L 2 - see e.g. [9], [23], [6] (here only the non-selfadjoint case is of interest). Early efforts, 
devoted to the determination of domains for fractional powers in the non-Hilbert space case seem 
to culminate in [47]. In recent years the problem has been investigated in the case of L p (p ^ 2) 
for instance in [S] , [7] , [31] , [32 , [H] ; but only the last two are dedicated to the case SI ^ M. d . In [5] 
the domain is a strong Lipschitz domain and the boundary conditions are either pure Dirichlet or 
pure Neumann. Our result generalizes this to a large extent and, at the same time, gives a new 
proof for these special cases, using more 'global' arguments. Since, in the case of a non-symmetric 
coefficient function [i, for the nonsmooth constellations described above no general condition is 
known that assures (—V • /iV + l) 1 / 2 : W^j 2 {Sl) — > L 2 {Vt) to be an isomorphism, this is supposed 
as one of our assumptions. This serves then as our starting point to show the corresponding 
isomorphism property of (-V • /iV + I) 1 / 2 : Wjj P {Sl) -> LP {SI) for p £ ]I, 2[. 

While this is already interesting in itself, our original motivation comes from the applications: 
having the isomorphism (—V • /iV + I) 1 / 2 : Wjj p (Sl) — > L p {Sl) at hand, the adjoint isomorphism 
((-V • jtiV + I) 1/2 )* = (-V • /x T V + I) 1/2 : Li(n) -> W~ hq (n) allows to carry over substantial 
properties of the operators —V ■ ^iV on the L p -scale to the scale of W r £ ^ 1 ' 9 -spaces for q £ [2,oo[. 
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In particular, this concerns the 7^°°-calculus and maximal parabolic regularity, see Section 1 1 1 1 
which in turn is a powerful tool for the treatment of linear and nonlinear parabolic equations, see 
e.g. and [30]. 

The paper is organized as follows: after presenting some notation and general assumptions in 
Section [2] in Section [3] we introduce the Sobolev scale W^) p (fl), 1 < p < oo, related to mixed 
boundary conditions and point out some of their properties. In Section [4] we define properly the 
elliptic operator under consideration and collect some known facts for it. The main result on 
the isomorphism property for the square root of the elliptic operator is precisely formulated in 
Section [SJ The following sections contain preparatory material for the proof of the main result, 
which is finished at the end of Section [TO] Some of these results have their own interest, such as 
Hardy's inequality for mixed boundary conditions that is proved in Section [6] and the results on 
real and complex interpolation for the spaces W^) p (fl), 1 < p < oo, from Section so we shortly 
want to comment on these. 

Our proof of Hardy's inequality heavily rests on two things: first one uses an operator that 
extends functions from W^ P {Q) to W ,p (O.), where O. is a domain containing f2. Then one is 
in a situation where the deep results of Ancona [2] , Lewis [41] and Wannebo [51] , combined with 
Lehrback's [40] ingenious characterization of p-fatness, may be applied. 

The proof of the interpolation results, as well as other steps in the proof of the main result, 
are fundamentally based on an adapted Calderon-Zygmund decomposition for Sobolev functions. 
Such a decomposition was first introduced in [5] and has also succesfully been used in |10) . see 
also [llj . We have to modify it, since the main point here is, that the decomposition has to 
respect the boundary conditions. This is accomplished by incorporating Hardy's inequality into 
the controlling maximal operator. This result, which is at the heart of our considerations, is 
contained in Section [7] 

All these preparations, together with off-diagonal estimates for the semigroup generated by our 
operator, cf. Section [5] lead to the proof of the main result in Section [TU] Finally, in Section [TT] 
we draw some consequences, as already sketched above. 

Acknowledgments. The authors want to thank A. Ancona, P. Koskela, V. Maz'ya and W. Trc- 
bels for valuable discussions and hints on the topic. 

2. Notation and general assumptions 

Throughout the paper we will use x, y, . . . for vectors in M. d and the symbol B(x,r) stands for 
the ball in M. d around x with radius r. For E, F C K d we denote by d(E, F) the distance between 
E and F and if E = {x}, then we write d(x, F) or di?(x) instead. 

Regarding our geometric setting, we suppose the following assumption throughout this work. 

Assumption 2.1. (i) QC R d is a bounded domain and D is a closed subset of the boundary 

30 (to be understood as the Dirichlet boundary part). For every x S dSl\D there 
exists an open neighbourhood f/ x of x and a bi-Lipschitz map </> x from U x onto the cube 
K := ] — 1, 1[ , such that the following three conditions are satisfied: 

<Mx) - o, 

(2.1) </> x (t/ x n O) = {x G K;x d <0}=:K-, 

</> x (L/ x n dCl) = {x e K : x d = 0} =: S. 

(ii) We suppose that D is either empty or satisfies the Ahlfors-David condition: There are 
constants cq, c\ > and rAD > 0, such that for all x 6 D and all r € ]0, tad] 

(2.2) cor^ 1 <%_ 1 pn%,r)) < dr*" 1 , 

where Hd-i denotes (here and in the sequel) the (d— 1)- dimensional Hausdorff measure. 
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Remark 2.2. (i) Condition (|2.2|) means that D is a (d — l)-set in the sense of Jons- 

son/ Wallin [3S1 Ch. II]. 

(ii) On the set c?£l n (U x ean\D the measure Hd-i equals the surface measure a which 
can be constructed via the bi-Lipschitzian charts (f> x around these boundary points, 
compare J2H Section 3.3.4 C] or |3TJ Section 3]. In particular, ()2.2[) assures the property 

a(dnn(u x£d n\ D u K )) >0. 

(iii) We emphasize that the cases D = d£l or D = are not excluded. 

Assumption 2.3. In case of D ^ dQ we additionally require that there is a bounded domain 
Q-k =2 ^ and constants c+,r+ > 0, such that 

(i) dQ+ satisfies the condition 

(2.3) c*^" 1 <%-i(ffl*nfi(x,r)), xedfi*, re]0,r*]. 

(ii) Q m := \ D is connected, and, hence, again a domain. 

(iii) and <9f2* \ D have positive distance to each other. 



Remark 2.4. Let us comment on Assumption 12.31 since its context becomes clear only in Sec- 
tion ini 

(i) It is established in order to get Hardy's inequality for elements from W^ p (fl). This 
is achieved via an extension operator from W^j p (fl) to Wq' p (CI,), and the validity of 
Hardy's inequality for functions from Wq' p (Q,,) - which is to be proved. 

If there is an open ball B 3 f2, such that B \ D is connected, then one can put 
£1+ := B, and Assumption ^. 3l is satisfied. But this is not always the the following 

examples shows: take £1 = {x : 1 < |x| < 2} and D = {x : |x| = 1} U {x : |x| = 2, x\ > 0}. 
Obviously, if is open and contains fi U D, then fl+ \ D cannot be connected. In this 
case one can take := {x : 1 < |x| < 3} instead. This suggest already the general 
procedure: if a connected component of dQ consists only of points from D, then f2 should 
not be extended across this boundary part. In the opposite case it should. 



(ii) It is not hard to see that condition (iii) of the assumption implies dfl\D C It seems 
that even every connected component of dfl which contains a point from dfl \ D must 
in total be contained in Since this is nowhere needed in our further considerations 
we consider this as a heuristics and do not prove it. 

(iii) We emphazise that - more or less - all constellations, relevant for applications, are 



covered by Assumptions 12.11 and 12.31 

If B is a closed operator on a Banach space X, then we denote by domx (B) the domain of this 
operator. C(X, Y) denotes the space of linear, continuous operators from X into Y; if X = Y, 
then we abbreviate C(X). Furthermore, we will write (■, -)x< for the pairing of elements of X and 
the dual space X 1 of X. 

Finally, the letters c and C denote generic constants that may change value from occurence to 
occurence. 

3. SOBOLEV SPACES RELATED TO BOUNDARY CONDITIONS 

In this section we will introduce the Sobolev spaces related to mixed boundary conditions and 
prove some results related to them that will be needed later. 

If T is an open subset of M. d and F a closed subset of T, e.g. the Dirichlet part D of for 
1 < q < oo we define W F ,q (T) as the completion of 

(3.1) C7^?(T) := {^|t : 4' G C7°°(M d ), supp(V0 nF = D} 

with respect to the norm -ip l— ^ (Jx l^^l 9 + IV'I 9 dx) 1 ^ 9 . For 1 < q < oo the dual of this space will 
be denoted by Wp 1,q (T) with l/q+ 1/q' = 1. Here, the dual is to be understood with respect 



4 PASCAL AUSCHER, NADINE BADR, ROBERT HALLER-DINTELMANN, AND JOACHIM REHBERG 

to the extended L 2 scalar product, or, in other words: Wp q (T) is the space of continuous 
antilinear forms on W F ' 9 (T). 

If misunderstandings are not to be expected, we drop the f2 in the notation of spaces, i.e. 
function spaces without an explicitcly given domain are to be understood as function spaces on 

n. 

Remark 3.1. The space W /1,9 (f2) admits a continuous trace operator into the space L g (D; T-Ld-i) 
for all 1 < q < oo, cf. [35j Ch. V]. Hence, the functions / G W^ q {^t) satisfy f\u = Hd-i-a.e. 

Finally, we define the respective spaces for the case q = oo. We set W F '°°(T) := Lip^ F (T) 
with 

(3.2) Li Poo , F (T) := {/| T : / G (L°° n Lip)(K d ), f\ F = 0} = {/ G (L°° n Lip)(T), f\ F = 0}. 
The norm on this space is 

J L=°(T) + Sup j j . 

x,y£T,x#y |x - y| 

The last equality in (|3.2[) is a consequence of the Whitney extension theorem. We have Lip^ F (T) C 
{/ G W 1 '°°(T) : /| F = 0} (W 1,0C (T) is defined using distributions) and the converse holds iff O 
is uniformly locally convex by |27[ Theorem 7]. 

Lemma 3.2. Let T C M. d be a bounded domain and F a (relatively) closed subset of <9T. Then 
W F °°(T) C W F ' q (T) forl<q<oo. 

Proof. Let (a n ) n be the sequence of cut-off functions defined on R + by 

{0, if0<i<l/n, 
nt-1, ifl/n<t<2/n, 
1, ift>2/n. 

Remark that for t ^ 1 the sequence a n (t) tends to 1 as n — > oo. Furthermore, for all t > we 
have < ta' n (t) < 2 and the sequence (ta' n (t)) n tends to 0. 

For x G H d we set iu„(x) := a„(d(x, f)). Then, by the above considerations, w n —> 1 almost 
everywhere as n — > oo and 

|Vu; n (x)| = |a;(d(x,F))||Vd(x,f)| < |<(d(x,F))| 

almost everywhere. Thus d(x, i 7, )|Vw„(x)| is bounded and converges to almost everywhere as 
n — > oo. 

Let g G W^.'°°(T), which we consider as defined on K d . Since T is bounded, we may assume 
that g has compact support in some large ball B. Let g n := gw n . Then g n is compactly supported 
in B and in M d \ F. We claim that g n — > g in Vy 1 ' 9 (R d ). Indeed, g — <?„ = .g(l — w n ) and, by the 
dominated convergence theorem, g(l — w n ) — > in L 9 (R d ), since w m ^ 1. 

Now, for the gradient, we have 

Vffn - V.g = (1 - w n )Vg + gS7w n . 

Again by the dominated convergence theorem, the first term converges to in L q (M. d ). 
It remains to prove that ||3Vw„|| L ,( K d-) converges to 0. We have for x G R d 

(3.3) (ffVw„)(x) = -T7^d(x, F)Vw„(x). 

Since g is Lipschitz continuous on the whole of M. d and satisfies g = on F, we find 



sup 



ff(x) 




5( x ) 


= sup 

xGR d 


d(x,F) 





< c, 
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where x* £ F denotes an element of F that realizes the distance of x to F. So both factors on the 
right hand side in ()3.3|) are bounded and d(x, F)Vw n (x) goes to almost everywhere as n — > oo. 
Thus, since g has compact support, the dominated convergence theorem yields gVw n — > in 
L q (R d ). 

Finally, it suffices to convolve this approximation with a smooth mollifying function that has 
small support to conclude g £ W F ' q (T). □ 

Next, we establish the following extension property for function spaces on domains, satisfying 
just part (i) of Assumption 12.11 This has been proved in [35] for q = 2. For convenience of the 
reader we include a proof. 



Lemma 3.3. Let £1 and D satisfy Assumption \2.l\ (i) Then there is a continuous extension 



operator (£ which maps each space W D ' 9 (fi) continuously into Wjj q (M. ), q £ [l,oo]. Moreover, <£. 
maps L q (Q) continuously into L q (M. d ) for q £ [1, oo]. 



Proof. Let, for every x <G dQ \ D the set U x be an open neighbourhood that satisfies the condition 
from Assumption EH] (i) Let U Xl , . . . , U Ke be a finite subcovering of dfl \ D and let r\ £ Cg°(R d ) 
be a function that is identically one in a neighbourhood of <9f2 \ D and has its support in U := 

Assume ip £ C^(Cl); then we can write ip = r\ip> + ( 1 — rj)ip. By the definition of C^(fi) and r\ 
it is clear that the support of (1 — rj)ip is contained in fl, thus this function may be extended by 
to the whole space K d - while its W 1,q -novm is preserved. 

It remains to define the extension of the function rjip, what we will do now. For this, let 
r)i,...,r]£ be a partition of unity on supp(?y), subordinated to the covering U Kl , . . . , U X( . Then 
we can write r/ip = J2r=i VrVp an d have to define an extension for every function r\ r r\i\). For 
doing so, we first transform the corresponding function under the corresponding mapping (/> Xr 
from Assumption 12. ll (i) to ^nip = (rj r ijijj) o ^i" 1 on the half cube K_. Afterwards, by even 
reflection, one obtains a function i] r riip £ W 1 ^^) on the cube K. It is clear by construction 
that supp(ry r 77-0) has a positive distance to dK. Transforming back, one ends up with a function 
r) r T)ip £ W 1,q (Ux r ) whose support has a positive distance to dU Xr . Thus, this function may also 
be extended by to the whole of M. d , preserving again the W 1 ^ norm. 

Lastly, one observes that all the mappings W 1,q (U Xr n f2) 9 r] r r]ij} i-> rj r r]ij} £ W 1 ^^-), 
W x > q (K-) 3 r) r r)ip i — ^ r) r r)tp £ W 1 ^^) and W l q (K) 9 r) r r)ip m- -qr-qip £ VF 1 ' 9 (C/ Xr ) are continuous. 
Thus, adding up, one arrives at an extension of ip whose W 1,q (M. d )-norm may be estimated by 
c ll'0llw 1 .9(n) with c independent from ip. Hence, the mapping £, up to now defined on C^(fJ), 
continuously and uniquely extends to a mapping from W^J q to W 1,q (M. d ). 

It remains to show that the images in fact even ly in W L ) q (M d ). For doing so, one first observes 
that, by construction of the extension operator, for any ip £ C^(^l), the support of the extended 
function £ip has a positive distance to D — but <&ip need not be smooth. Clearly, one may convolve 
<Bip suitably in order to obtain an appropriate approximation in the VF 1 ' 9 (R d )-norm - maintaining 
a positive distance of the support to the set D. Thus, £ maps Cp(Cl) continuously into W^ q (M d ), 
what is also true for its continuous extension to the whole space W^ q {VL). 

It is not hard to see that the operator £ extends to a continuous operator from L q (Vt) to 
L«(K d ), where ge[l,oo]. □ 

Remark 3.4. (i) By construction, all extended functions €/ have their support in O U 

Uj=i U Xj , and, hence, in a suitably large ball. 



(ii) Employing Lemma 13.31 in conjunction with (i) one can establish the corresponding 
Sobolev embeddings W£ p (Vl) L q {yi) (compactness included) in a straightforward 
manner. 
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(iii) When combining (£ with a multiplication operator that is induced by a function ?yo G 
C^°(R d ), i]o = 1 on fi, one may achieve that the support of the extended functions 
shrinks to a set which is arbitrarily close to 51. 



Remark 3.5. The geometric setting of Assumption 12.11 still allows for a Poincarc inequality for 
functions from W]f , as soon as D ^ 0. This is proved in [3lJ Thm. 3.5], if SI is a Lipschitz 
domain. In fact, the proof only needs that a part of D admits positive boundary measure and 



this is guaranteed by Rcmark l2.2l (ii) 



This Poincare inequality entails that, whenever D ^ 0, the norms given by H/H^i.p and 

||V/||lp for / € Wjf are equivalent. So, in this case, in all subsequent considerations one may 
freely replace the one by the other. 



4. The divergence operator: Definition and elementary properties 

We turn now to the definition of the elliptic divergence operator that will be investigated. Let us 
first introduce the ellipticity supposition on the coefficients. 

Assumption 4.1. The coefficient function (i is a Lebesgue measurable, bounded function on SI 
taking its values in the set of real, d x d matrices, satisfying for some jj,, > the usual ellipticity 
condition 

£ T /it(x)£ > ^.|£| 2 , for all £ € R d and almost all x G SI. 
The operator A : W^j 2 —t W^ 1,2 is defined by 

(4.1) {Ai/), tp) w -x* := f#, <p) ■= [ mV?A • Vy> dx, V, V G W 1 /. 

D Jn 

Often we will write more suggestively —V • fi\7 instead of A. 

The L 2 realization of A, i.e. the maximal restriction of A to the space L 2 , will be denoted by 
the same symbol A; clearly this is identical with the operator that is induced by the scsquilincar 
form t. If B is a densely defined, closed operator on L 2 , then by the L p realization of B we mean 
its restriction to L p if p > 2 and the LP closure of B if p € [1, 2[. (For all operators we have in 
mind, this L p -closure exists.) 

As a starting point of our considerations we assume that the square root of our operator is 
well-behaved on L 2 . This is true in many relevant cases, but seems not to be known under our 
assumptions in general. 

Assumption 4.2. The operator (— V-^V + l) 1 / 2 : W]j 2 — > L? provides a topological isomorphism; 
in other words: the domain of (—V ■ ^tV + 1) 1//2 on L 2 is the form domain W^j 2 . 

Remark 4.3. (i) If this assumption is satisfied for a coefficient function /i, then it is also 

true for the adjoint coefficient function, cf. Thm. 8.2]. 

(ii) Assumption 14.21 is always fulfilled if the coefficient function /i takes its values in the set 
of real symmetric d x d-matrices. 

(iii) In view of non-symmetric coefficient functions see [S] and |23j . 

Finally, we collect some facts on — V ■ ^iV as an operator on the L 2 and on the LP scale. 

Proposition 4.4. Let S7 C R d be a domain and let D C dft (relatively) closed. 

(i) The restriction of —V • /LtV to L 2 is a densely defined sectorial operator. 

(ii) The operator V ■ /xV generates an analytic semigroup on L? . 

(iii) The form domain is invariant under multiplication with functions from W ' q , if 
q> d. 
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Proof. (i) It is not hard to see that the form t is closed and its numerical range lies in 

the sector {z G C : |Imz| < 11^11-^-°° Rez}, Thus, the assertion follows from a classical 
representation theorem for forms, see [37] Ch. VI. 2.1]. 



ii) This follows from (i) and [53 Ch. V.3.2] 



(iii) First, for u G C%{n) and v G C°°(Q) the product uv is obviously in Cg'(fi) C W^ 2 . 
But, by definition of W^ 2 , the set Cg>(Q) (see (01])) is dense in W^ 2 and C°°(0) is 
dense in W 1 ^. Thus, the assertion is implied by the continuity of the mapping 

W^ 2 x W^ q 3 (u, v) i-> uv e VK 1 ' 2 , 

because is closed in W 1,2 . □ 



Proposition 4.5. Let SI and D satisfy Assumvtion \2. l\ (i) Then the semigroup generated by 
V • /iV in L 2 satisfies upper Gaussian estimates, precisely: 



(e tv ^ v /)(x) = / # t (x,y)/(y) dy, /or a.a. x G O, / G L , 
Jo 

/or some measurable function K t : SI x SI — > R + and /or all e > there exist constants C, c > 0, 

(4.2) < tf t (x,y) < e- c ^^e et , i > 0, a.a. x, y G SI. 

Proof. A proof is given in [35] - heavily resting on [3], compare also [H] Thm. 6.10]. □ 



Proposition 4.6. Let SI and D satisfy Assumvtion \2. 1\ (i) 

(i) For every p G [1, oo], t/ie operator V • /iV generates a semigroup of contractions on L p . 

(ii) For aZ/ g G ]l,oo[ t/ie operator — V ■ /iV + 1 admits a bounded H 00 -calculus on L q with 
H 00 -angle arctan ^^ L °° , In particular, it admits bounded imaginary powers. 

Proof. (i) The operator V • /zV generates a semigroup of contractions on L? (see [44] 

Thm 1.54]) as well as on L°° (see [H] Ch. 4.3.1]). By interpolation this carries over 
to every L q with q G ]2, oo[ and, by duality, to q G [1, 2]. 
(ii) Since the numerical range of —V • /iV is contained in the sector {z G C : |Imz| < 
■l^k^Rez}, the assertion holds true for q = 2, see [55] Cor. 7.1.17]. Secondly, the 
semigroup generated by V • — 1 obeys the Gaussian estimate (|4.2p with e = 0. Thus, 
the first assertion follows from [2UJ Theorem 3.1]. The second claim is a consequence of 
the first, see QU Section 2.4]. □ 

5. The main result: the isomorphism property of the square root 

We can now formulate our main goal, that is to prove that the mapping 

(A + l) 1 / 2 = (-V • /iV + 1) 1/2 : W x D q -> L q 

is a topological isomorphism for q G ]1, 2[. We abbreviate —V ■ /iV + 1 by Aq throughout the rest 
of this work. 

More precisely, we want to show the following main result of this paper. 
Theorem 5.1. Under Assumvtions \2~TS. and \4-2\ the following holds true: 

(i) For every q G ]1,2] the operator Aq 1 ^ 2 is a continuous operator from L q into W^j q . 
Hence, its adjoint continuously maps Wp' q into L q for any q G [2, oo[. 

(ii) If, additionally, Assumption \2. 3\ holds and q G ]1,2] ; then A\j 2 maps W^ q continuously 
into L q . Hence, its adjoint continuously maps L q into W^ 1,q for any q G [2, oo[. 
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We can immediately give the proof of (i) i.e. the continuity of the operator A 
We observe that this follows, whenever 

-1/2 



1/2 



L q 



1. The Ricsz transform V^4 is a bounded operator on L q , and, additionally, 



2. A 1/2 maps L q into W]f . 
The first item is proved in [44j Thm. 7.26], compare also 



It remains to show 2. The first 



point makes clear that A Q maps L q continuously into W 1,q , thus one only has to verify the 



correct boundary behavior of the images. If / £ L 2 <— >• L q , then one has A X ^ 2 f £ Wfj' 
due to Assumption 14.21 Thus, the assertion follows from 1. and the density of L 2 in L q . 



Remark 5.2. Theorem 15.11 (i) is not true for other values of q in general, see Ch. 4] for a 
further discussion. 



1/2 

The hard work is to prove the second part, that is the continuity of A ' : W^ q — s- L q . The 



rl.q 



proof is inspired by [5], where this is shown in the case f2 
following five sections. 



, and will be developed in the 



6. Hardy's inequality 

A major tool in our considerations is an inequality of Hardy type for functions in Wjf , so 
functions that vanish only on the part D of the boundary. Here the additional Assumption 12.3 
comes into play. 

We recall that, for a set F C M. d , the symbol dp denotes the function on R d that measures the 
distance to F. The result we want to show in this section, is the following. 



Theorem 6.1. Under Assumption \2.l\ and Assumption \2.'A for every p £ ]l,oo[ there is a 

f P 



constant c p , such that 



(6.1) 

holds for all f £ W^ p . 



d D 



dx < c r 



|V/| p dx 



Since the statement of this theorem is void for D = 0, we exclude that case for this entire 
section. 

Let us first quote the deep results on which the proof of Theorem 16. II will base. 

5]). Let H C R d be a domain whose complement 
]). Then Hardy's inequality 



Proposition 6.2 (see [JT], [5T|, see also 
K := R d \ S is uniformly p-fat (cf. |41j or 



(6.2) 



L 


9 




fJ 


dx < c J 




d K 




d 9 z 





\Vg\ p dx 



holds for all g £ C^°(^) (and extends to all g £ W ,p (^), p £ ]1, oo[ by density). 

Proposition 6.3 f [40i Theorem 1]). Let S C R d be a domain and let Hd-i again denote the 
(d — I) -dimensional Hausdorff measure. If "B satisfies the inner boundary density condition, i.e. 

(6.3) H d _ 1 (aSnB(x,2d aH (x))) >cd aH (x) d - 1 , x£S, 

for some constant c > 0, then the complement of S in M. d is uniformly p-fat for all p £ ]1, oo[. 

For the proof of Theorem 16.11 let us distinguish two cases, first assuming D = dil. Then the 
Ahlfors-David condition (|2.2j) on D implies 



(6.4) 



H d -i(DnB(y,r)) > c( 



/ TAD 



diam(il) / 



X d-1 



y £ D, re ]0,diam(Q)] 



SQUARE ROOTS OF DIVERGENCE OPERATORS 



9 



with c independent of y and r. But (|6.4|) implies the inner boundary density condition (|6.3|) . 
compare [40]. Thus, one may apply Proposition 16.31 and Proposition 16.21 to obtain the claim of 
Theorem 16.11 

It remains to consider the case D ^ dfl. Let us start with some preparation that brings the 
assumption 12.31 into play. 



Let fl+ and J7, be defined as in Assumption 



Then the following assertions 



Lemma 6.4. 

hold. 

(i) DUdtt* = dQ.. 

(ii) There exists a modified, continuous extension operator €. : W£ q {Vi) W ' q (Cl,) con- 
sistently for all q G [1, oo]. 

Proof. (i) The inclusion dil, C D U <9£1* is clear; let us show the opposite inclusion. Ob- 

viously, D n f2, = 0. Moreover, every x G D is an accumulation point of J7, since it is 
an accumulation point of f2 C f2.. Together, this shows D C dfl,. On the other hand, 
if x G <9f2*, then x ^ D Q m . Finally, if x G dfl+, then it is an accumulation point of 
the open set and, hence, also an accumulation point of 17, = fl+ \ £), since I? has 
Lebesgue measure 0, thanks to (|2.2p . Thus, <9f2* C 90.. 
(ii) Take a function 770 from C(f D (IR rf ) which is identically 1 on f2 and identically on a 
neighbourhood of <9f2* \ D - what is possible according to Assumption 12.31 (iii) Then 

we define <£.ip '■= (wo&ip) In. • 

Let us show that £. satisfies the required properties: assume first ip G C|f (f2). It 
is clear by the construction of £ that the support of has a positive distance to D. 
Thus, rjo&ip has a positive distance to DUdil^ D dfl m . Mollifying with suitable kernels, 
r]o<£ip can then be represented as the W 1,p (R d )Timit of smooth functions whose supports 



avoid dtt,. The continuity of (£. 
continuously to W^ q {Vt). 



C1j(Q) — > W (0) is obvious; hence (£, extends 

□ 



Assuming for the moment that we have (|6.2|) in case of 5 
Lemma 16.41 and Remark [ 



f2., we find with the help of 



dx < 



dan. 



dx < 



n. 



da 



Q. 



dx < 



|V(£./)| p dx 



n. 



(6.5) 



<4f\\ p w , P <c 



iv/r dx. 



Thus Hardy's inequality ()6.1|) holds true, once we have shown (|6.2[) with f2, in the place of S for 

aU 5 G Wo^n.). 

In order to do so, we first recall that f2 # is connected, and, hence, a domain, due to As- 
sumption [231 If c 0i c *i r ADi r -k are t ne constants from Assumptions [2TT1 and [2~31 we put c. := 
min(co,c.fc) and r. := min(rAD,^*)- Thus, the condition (|2.2[) in conjunction with Lemma 
implies for all y G Z? the inequality 

^-i(ffi.n%r)) >%-i(Dn% r )) > cor^ 1 > cr^ 1 , r6]0,r.], 

what gives for r G ]0, diam(f2.)] 

(6.6) H i .i(«l l nB(y,r)) > 



d-1 



„d-l 



diam(n. 

Analogously, we obtain from Lemma 16.41 and Assumption 

H d -x(dn. n B(y, r)) > H&-x n B(y, r)) > c*^- 1 



if r. > diam(f2 # ) 
if r. < diam(il.). 

this time for all y G dil+, 



>c.r d -\ re]0, 
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Thus, one obtains (|6.6j) also for y <S 9f2*. Thanks to Lemma l6.4l|(i)| the estimate (|6.6[) is 
thus fulfilled for all y G d£l., what implies the inner boundary density condition (|6.3[) . compare 
[40] . Applying Proposition 16.31 and Proposition 16.21 we get (JO]) for g G W ' p (n.). Thus the 
estimate (|6.5p finishes the proof of Theorem 16.11 

Remark 6.5. There is another strategy of proof for Hardy's inequality (|6.2|) . avoiding the concept 
of 'uniformly p-fat'. In |40| it is proved that the inner boundary density condition (|6.3p implies 
the so-called p-pointwise Hardy inequality which implies Hardy's inequality, compare also |38) . 

7. AN ADAPTED CALDERON-ZYGMUND DECOMPOSITION 

The proof of Theorem l5 . 1 I heavilv relies on a Calderon-Zygmund decomposition for functions. 
The important point, which brings the mixed boundary conditions into play, is that we have to 

1/2 

make sure that for / G dom^p (A ' ) the good and the bad part of the decomposition are both also 
in this space. This is not guaranteed neither by the classical Calderon-Zygmund decomposition 
nor by the version for Sobolev functions in [5J Lemma 4.12]. This problem will be solved, by 
incorporating the Hardy inequality into the decomposition. 

For the ease of notation, in the whole section we set l/dg = and we abbreviate for / G Wjj 
the extended function <Bf by /. 

We denote by Q the set of all closed axe-parallel cubes, i.e. all sets of the form {x G R d : 
|x — mloo <£/2} for some midpoint m G R d and sidelength £ > 0. In the following, for a given 
cube Q G Q we will often write sQ for some s > 0, meaning the cube with the same midpoint m, 
but sidelength si instead of i. 

Furthermore, for every x G M d we set Q x := {Q G Q : x G Q°}- Now we may define the 
Hardy-Littlcwood maximal operator M for all ip G L 1 (K d ) by 

(7.1) (M<p)(x)= sup -L f 1^, x G R d . 

It is well known (see [48] Ch. 1]) that M is of weak type (1, 1), so there is some K > 0, such that 
for all p > 1 

(7.2) |{x G R d : |[M(M")](x)| > a p }| < ^||^||^ (R(i) , for all a > and p G L"(R d ). 

Lemma 7.1. Let Q and D satisfy Assumptions \2.1\ and \2.3\ Let p G ]1, oof, / G Wjf and a > 
be given. Then there exist an at most countable index set I , cubes Qj G Q, j G /, and measurable 
functions g, bj : ft — >■ R, j G /, smc/i t/iat /or scune constant N > independent of a and f 

(!) / = 2 + E 6 i> 

(2) ||Vff|| L » + \\g\\h~ + \\g/d D \\ L ~ < Na, 

(3) supp(6j) C Qj, bj G W^ 1 OW 1 '? and f (\Vbj\ + \bj\ + < Na\Qj\ for every j G /, 

Jn ^ &d > 

(5) ^ l Qj (x) < N for all x G R d , 

(6) S wi .p<JV||/|| w i.-. 

lfD±%, all the norms H/H^.p ma?/ be replaced by ||V/||i,p. 

In order to verify the final statement, note that for D =^ the Ahlfors-David condition guaran- 
tees that the surface measure of D is strictly positive, cf. Remark l2.2j(ii)[ Thus we can conclude 
by Remark 13.51 

We will subdivide the proof of Lemma FTTH into six steps. 
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Step 1: Adapted Maximal function. Let / <G W^ p and let /:=<£/€ W^ p (R d ) be the 
extended function according to Lemma 13.31 This means that for some fixed xo G and R > 
4diam(£2), we have supp(/) C B(xo,R/3) and that ||/||iyi.j>(R«i) — C|l/llvi' 1 ' p wrfcn a constant C 
that does not depend on /. Furthermore, Hardy's inequality 

(7-3) ll/Ablk^) < C\\Vf\\ LPm 

holds, cf. Section [6] 

Remark 7.2. Using /, we will construct the Calderon-Zygmund decomposition on all of M d 
and afterwards restrict again to fi. Admittedely, it would be more natural to stay inside fi, but 
this leads to several technical problems, since the regularity of the boundary of cubes in fi, i.e. 
fi fl Q for some cube Q in M. d , may be very low, so that for instance the validity of the Poincare 
inequality is no longer obvious. If O is more regular, say a strong Lipschitz domain, this extension 
can be omitted. 

We consider the open set 

E := {x G R d : [M(|V/| + |/| + \f\/d D )} (x) > a}. 

The easiest case is that of E = 0. Then we may take 7 = and g = f and the only assertion 
we have to show is |(2)| the rest being trivial. So, let x G £1 be given. Since x is not in E, wc 
have for almost all such x, by the fact that h(x) < (Mh)(x) for all Lebesgue points of an L 1 (IR <i ) 
function h, 

\Wg(x)\ + \g(x)\ + \g(x)\/d D (x) = |V/(x)| + |/(x)| + |/(x)|/d D (x) 

= |V/(x)| + |/(x)| + |/(x)|/d c (x) 
< [M(|V/| + |/| + |/|/d D )](x)<a. 

This implies p)| 

So, we turn to the case E ^ 0. By Jensen's inequality, (|7.2[) . (|7.3p and the continuity of the 
extension operator we obtain 

\E\ < \{x G M d : [M((|V/| + l/l + \f\/d D y)] (x) > ^}| 

(7-4) < f HIV/I + l/l + l/l/d B |r iP(Kd) < ^ll/ll^, P(Rd) < ^ll/ll^- 

In particular this measure is finite, so F := M. d \ E ^ 0. This allows for choosing a Whitney 
decomposition of E, cf. [TSJ Lemmas 5.5.1 and 5.5.2], see also [48] and [49]. Thus, we get an at 
most countable index set I and a collection of cubes Qj £ Q, j G I, with sidelength ^ that fulfill 
the following properties for some ci , C2 > 1 

(i) E=\JlQj. 

8 J % (iv)^l Qj <c, 

(ii) gQ ° n -Qfc = for all j, fc G /, j + k. jel 

(iii) Q rj C £) for all j G /. (v) — £j < d(Qj,F) < c 2 £j for all j G /. 

There are two immediate consequences of these properties that are important to observe. 
Firstly, the family Q°, j G /, is an open covering of E and, secondly, (v) implies that for some 
c > 1, independent of j, we have 

(7.5) {cQj)r\F t^0 for all j'G I. 

Now, (iv) immediately implies [(5j| and this, together with (|7.4[) allows to prove [(4j| due to 



\QA= [ E 1 ^ 



= 4i 
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Step 2: Definition of the good and bad functions. Let (ipj)j e i be a partition of unity on 
E with 

a) tpj eC°°(]R d ), c) tp s = 1 on %Q h 

b) supp(^) C Q°, d) II^Hl- +^||V^j|| L oo < c, 

for all j £ I and some c > 0. The construction of such a partition can be found e.g. in [12l 
Section 5.5]. 

Let us distinguish two types of cubes Qj. We say that Qj is a usual cube, if d(Qj,D) > lj 
and Qj is a special cube, if d(Q./,-D) < (In the case D = all cubes are seen as usual ones). 
Then we define for every j £ I, using the notation Hq := Jq h, 

- = f (/ - f Qj ) ifj , if is usual, 
} ftpj, if Qj is special. 

Setting g := f — ^2j E j bj as well as bj :~ bj\n and g := g\n, these functions automatically satisfy 
(1) Note that there is no problem of convergence in this sum, due to |(5)| 

It is clear by construction that supp(6j) C Qj and bj £ W 1,P (Q) for all j G /. The next step 
is to show that bj £ and since W 1,p e — > W 1,1 , we only have to establish the right boundary 

behaviour of bj . 

We start with the case of a usual cube Qj. Then bj — ((/ — fQj)fj) In- Since <pj has support 
in Qj and d(Qj,D) > lj > 0, the function bj can be approximated by C^°(M. d \ D) functions in 
the norm of IV 1 ' 1 . Thus bj £W 1 D 1 . 

If Qj is a special cube, we have bj = (ftpj)\n- The fact that / £ W^ p (M. d ) implies that there is 
a sequence (fk)k Q C^(R d \D), such that f k -> / in W 1 ' p (R d ). Therefore, (fk ( fj)k is a sequence 
in C£°(R d \ D) and we show that it converges to fcpj in W 1 ' 1 , so that we can conclude that 
bj £ Wjj . This convergence follows from ipj £ W 1,p (R d ) by 

WfVj - ./Wjllii < II/ - fk\\Lp\\<Pj\\ LP ' -> (k -> oo) 

and the corresponding estimate for the gradient 

||v(M)- v(/ w )|| L i < || v(/- AM + 1|(/- A)v^|| L1 

< ||V(/-/ fc )|| £p ||^||^+||/-/ fc ||ip||V^||^ -+0 (fc^oo). 



Step 3: Proof of (3) , After the above considerations, it remains to prove the estimate. We 
start again with the case of a usual cube and for later purposes we introduce some q £ [l,oo[. 
On usual cubes it holds Vbj = Vftfj + (/ — fQj^fj an d using d) we obtain 



|V6,f < 



(iv/ll^-l + \f - f Qi \\v<pj\) 9 < c / (iv/H^-r + |/-/oJ 9 |v^-| 



(7.6) 



< c 



|v/> 



(■"■ 



1/ - fQj 



In the second integral we may now apply the Poincare inequality, since f — Jq has zero mean on 
Qj. This yields 



(7.7) 



/ 



Vbj\i<C[ |V/> + -^diam(Q 



|V/|«)<C/ |V/|*. 
JQj 
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We now specialize again to q = 1 and, invoking (|7.5p . we pick some z G cQj n f, and bring into 
play the maximal operator: 



■«(|V/| + l/l + Jjl) 



(a). 



(7 - 8) 1 ™ s c 4 |v/l s cm iki IJ vil + 1/1 + S) 
sc|,3il Si5i/«( |v/l+l/l+ !S)= C| * 

Now, we capitalize that z € F and obtain 

(7.9) / |V6,|< / |V6 3 -| < CIQila. 

For the corresponding estimate for \bj\ we use again the Poincarc inequality for / — /q. on to 
obtain for all q £ [1 , oo [ 



(7.10) \bj\ q < M«= \f-M\vA 9 <c \f-f Q] \ q <c |v/|« 

•/<> •/<„' JQ} 

Proceeding as in (|7.8|) and (|7.9|) . we find, specialising to g = 1, 

(7.11) / | ft; | < C\Qj\a. 



For the third term |6j|/du we note that on a usual cube Qj we have do > ^j- Thus we get as 
before by the Poincare inequality 









f\M< 


f 1M 


<-/ 


In do 'J 







\f-f Qj \<of |V/| 



and we can again conclude as in (|7.8p and (|7.9I) . 

So, we turn to the proof of the estimate in |(3)| for the case of a special cube. Then bj = {fipj)\n, 
and we get with the help of d) 

IvLl < IV7? "- 1 1 lir ' IV7 - 1 - • W 



|V/>il + |/||V^-|<c(|V/| 



Since Qj is a special cube, we get for every x S Qj 

(7.12) du(x) = d(x, D) < diam(Qj) + d(Q j} D) < Ci 3 + £ 3 < Ci 3 
and this in turn yields 

(7.13) |V6 i |<c(|V/| + ^). 
Since, obviously 

(7.14) H=\hi\<C\S\ and M = \M< C l -f 

hold, we find by one more repetition of the arguments in (|7.8[) and (|7.9p with some z <G cQj n F 
6 | + |V6 3 .| + M) <c / (|/| + |V/| + J^ 

(7-15) < ^ / (|/| + |V/| + ^) < C\Q 

\cQj\ JcQi K doJ 
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Step 4: Proof of (2): Estimate of \g\ and |g|/d_D. The asserted bound for \g\ and Iffl/dc is 
rather easy to obtain on F n£l, since on F all functions bj, j £ /, vanish, which means g = f on 
F. This implies for almost all x £ F n SI by the definition of F 



w)\ + Wk = \m\^M< 



A I 



(|V/| + i/i + 



d D y 



(x) < a. 



dn(x) d£i(x) 

So, for the estimate of these two terms we concentrate on the case x £ E. Setting I u := {j £ / : 
Qj usual} and I s := {j £ / : Qj special}, we obtain on E 

= / - E ^ ~ E ~ h i = / _ E ~ fQj)<Pi - E M = f~ f^2<P3 + E faiVi 
ieiu jei. jeiu jei, jei jeiu 

= f lp + E fasVi = E faiW- 

Now, we fix some x £ E. Let J(x) := {j £ / : x £ supp(<£j)}, I UjX := I u Dl(x) and J s . x := I s n/(x). 
Then the above estimate yields together with d) 



(7.16) 



36J« ,6/.,, ,6/.,, ^ ^ 

£C J £^l l/(y,|dy - 



dy 



Picking again some Zj £ cQj <~) F, j e I, this yields with the argument that we used already 
several times and since is finite 

isMi ^ c E t^a I l/(y)i d y < c E [ M (i/D] (^) < c E a ^ Ca - 

In order to estimate g/do on we estimate as in (|7.16[) for x £ E 



|g(x)| = lEjeijQiVjix) 
d D (x) 



d D (x) 



< 



^ d D (x) - & \Qj\Jr 



l/(y)l 

7^ IQj'I ^q, d ^( x ) 



dy 



je^.x ~ v ' jei 

Every cube in this sum is a usual one, so d(Qj, D) > £j. Furthermore, we have x £ Qj for all 
j £ -fu.x by construction. This means that for every j £ J UjX and all y £ Qj the distance between 
x and y is less than Clj for some constant C depending only on the dimension. Thus 

dfl(y) = d(y, D) < d(y, x) + d(x, D) < Clj + d D (x) < Cd(Qj,D) + d D (x) < Cd D (x). 

Consequently, we get for some Zj £ cQj n F as before 



d D (x)- ^JQAJq, My) y ~ 3 -feja2iUe 



l/(y)l 
cb(y) 



dy 



<C E [Af (l/l/dr,)] < C7c 



Step 5: Proof of (2) : Estimate of |Vg|. In order to estimate |Vg|, it is not sufficient to know 
that J2jei ^j converges point-wise as before. At least we have to know some convergence in the 
sense of distributions to push the gradient through the sum. Let J C I be finite. Then we have, 
due to (|7.1ip for usual cubes and (|7.15[) for special cubes 



|En 

jeJ 



I Efel = E / \bj\<CaY^\Q. 
jRd je.i jeJ J Q y j 
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with a constant C that is independent of the choice of J. Since Yljcr \Qj\ is convergent due to 
(4)| this implies that X]je/ \^j\ i s a Cauchy sequence in L 1 (R d ). 

In particular converges in the sense of distributions, so we get V J2jei ^j = ^jei 

in the sense of distributions. 

In a next step we show that the sum Yljei converges absolutely in L . Investing the 
estimates in (|7.7|) and (|7.13[) . respectively, we find 



/ iv^-i < C / (|V/| 

JQj JQ 



I /I 



Thus, we obtain by |(5)| and the fact that E has finite measure, cf. (|7.4[) , 

E = E \\vhhHQ,) < cj2 I (iv/i + ^)=c/ ^i Qi (| V /i + ^- 



I /I 



l/l 



<q |v/| + ^ <c |v/| + ^ 



d D Li(B) 



— ll^ 7 ^ILp(R' i ) + 



/ 



ID 



Now, by Hardy's inequality f|T.3f) this last expression is finite and this yields the desired absolute 
convergence. 

This allows us to calculate 

v.g = v/ - E V6j = v/-E ( V M + (/ - fa ) v ^) - E ( V M + fr<Pj)- 

jei jGi u je/. 

Note that the above argument also yields that the sums over 'Vfifj, (/ — /q . )Vy>j and fVtpj arc 
absolutely convergent in L , so 

v.9 = v/ - e vm - E (/ - ) v ^ - E /" v ^- = v /" 1 ^ - E (/ - fa ) - E /" v ^ ■ 

j'ei je-T„ j'ei, j'ei« j'e/« 

On _F we know that every summand in the above two sums vanishes, so by the L^-convergcncc 
shown above we see Vg = V/ on F. Thus on F we easily get the desired L°°-estimate for Vg, 
since for almost all x E F 

\Vg(x)\ = |V/(x)| < M(|V/|)(x) < M(|V/| + |/| + |/|/d D )(x) < a. 

So, we concentrate on x £ E. Since E is open and by|(5)|all sums in 



Vfl(x) = - E (/» - /q,)V^(x) - E /»V^(x) 

are in fact finite and Yljci <Pj is constantly I in a neighbourhood of x. Thus, we may calculate 
for x e E 

V.g(x) = E faV<Pj(*) ~ /(x)EV^'(x) = E /Q.V^-(x). 

We set on E 

K := E fa^'Pi and ^ := E /Qj V ^ 

and we will show in the following the estimates |/i s (x)| < Col and \h u (x) + h s (x)\ < Ca for all 
x£ £. Then we have the same bound for h u and hence also for Vg on E. 
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In order to show the desired estimate for h s , we recall that by (|7.12j) we have d,o(y) < C£j for 
all y in a special cube Qj . Using d) and this estimate we find for all x G E 

l/(y)l 



M*)| < E I/qJIv^-(x)| < E j\} Qj \ < c Y, tt^t / 



dy 



l/(y)l 
<My) 



Now, we use again that the above sum is finite, uniformly in x, so it suffices to estimate each 
addend by Ca. In order to do so, we once more bring into play the maximal operator in some 
point Zj G cQj n F: 



f 



\Qi\ J Qj My) 



l/(y)l 



dy < CM(\Vf\ + 1/1 + \f\/d D )(?j) < Ca. 



u\ Jcq } dr>(y) 

We turn to the estimate of h u + h s . Since for every x G E we have X^e/ ^Vj( x ) = 0> one nn ds 
+ = £ / Q . V^-(x) = J2(h - /cQ,)V^-(x). 

This implies thanks to d) 

\{K + h s )(x)\ < Y \h ~ fcQj\\V^)\ < E j\h - hcQ,\> 
3 ei ie-f(x) J 

For every j G /(x) we have 



|/q, - he 



1 



< 



l 



/(y)dy-/ gQj = |^-| / (/ (y) - fcQj) dy 



IQ 



3 I JQ. 



|/(y)-/cQ,|dy<C7— 



5 J I -^Q. 



|/(y) - /cqJ dy. 



Applying the Poincare inequality on cQj , we further estimate by 

1 



< Clj 



V/(y) dy 



^ I CQj | JcQj 

and again continue as above to find for some point Zj G cQj n i* 1 

< C^M(|V/| + 1/1 + \f\/d D )(z 3 ) < C£ a. 

Putting everything together and investing that J(x) is uniformly finite for every x G E, we have 
achieved 

|Vff(x)| < |/i s (x)| + \{h u + /i s )(x)| < Ca 



and have thus proved |(2)| 

Step 6: Proof of|(6)[ We first estimate 

\\g\\ w ^p < WgWw^iR") 



EM , • 



jei K ' jei 

By the continuity of the extension operator we have H/Hwi.ppjd) < Cll/lln/ 1 .?! so we only have to 

estimate the sum of the bj, j G /. 

Here we stem again on |(5)| and the equivalence of norms in R w to obtain 

IP 



(7-17) \\Yh 



\Lp( 
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Investing the estimates in (|7.10[) for q = p and in (|7.14j) for usual and special cubes, respectively, 
we find 



(7.18) / l&il" < C / (|/| p + |V/r). 

Combining the two last estimates we thus have with the help of |(5)| 

\T,h\ P <cY, f (i/i'+iv/i*) <c I EiQ,(i/r+iv/n <c\\f~\\ w ^ {Mdy 

For the estimate of the gradient, we first use that V Yljei 3 = Sje/ •? holds in L 1 and, hence, 
also in L p . Arguing as in (|7.17[) and f)7. 18[) . wc find thanks to the estimates in (j7.7|) for q = p and 

IE vh\l (md) <cY,j Q w * C J2 J Q (iv/r + f ; 

Investing again |(5)| and the Hardy inequality in (|7.3[) , we end up with 

llg v C<*) * c L( |v/|p+ f ) * °L ' v/ ' p * 

and this finishes the proof, thanks to || ^|| vv 1, *'(K d ) — C|l/lli4' 1,p ' 

Having the Caldcron-Zygmund decomposition at hand, we can now show that it really respects 
the boundary condition on D. 

Corollary 7.3. Let f £ W^ p be given. The functions g and b = Yljei &j from Lemma \7. 1\ have 
the following properties: 

(i) b £ Wp 1 with \\b\\ w i,i < Ca 1 ^ 



(ii) g £ Wq°° with \\g\\wi,ac < Ca, 

(iii) If f £ Wp 2 , then also g,b £ W^ 2 . 



Proof. (i) Thanks t o |(3)| in Lemma [7.11 wc have bj £ Wj^ (ft) for all j £ /. Moreover, by 

the estimates in |(3)| and |(4)| of the same lemma, 

(7.i9) Yl ii^ii^ 1 ' 1 ^ Ca E iQii ^ c^i/ii^* < w - 

je/ jei D 

Thus, the sum in b is absolutely convergent in W 1 ' 1 , which means that b satisfies the 
asserted norm estimate and lies in the closed subspace Wq 1 . Thus, we have achieved 



(i) Note that, by Remark |3. II this in particular means that b has trace zero on D. 



(ii) We first show that g has a Lipschitz continuous representative and that the Lipschitz 
constant is controlled by Ca. From the proof of Lemma T7. II wc have g £ W 1 ' p (lHL d ) for 
all 1 < p < oo. So, from [28l Section 2] we can infer that for almost all x, y £ ~R d 

\g(x) - g(y)\ < C|x-y| ((M(|Vff|*)) * (x) + (M(|Vsn)*(y)) ■ 

The Hardy-Littlewood maximal operator is bounded on L°°(E d ), so this implies 

sup !g£ ) ~ g(y) < C\\Vg\\ L!X , m < Ca 

x,yeR d ,x^y l x Y| 

and we find g £ W 1 ' 00 ^) = (L°° n Lip)(K d ). 

It remains to prove the right boundary behaviour of g, i.e. g\n = 0. Since f,b£ W^ 1 , 
by Remark l3.1l tlicsc two functions have zero trace on D cr-almost everywhere, so the same 
is true for g and we only have to get rid of the "almost everywhere" . Let x £ D be given. 
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Then for every e > 0, by the Ahlfors-David condition (|2.2[) . we have a(B(x, e) n D) > 0, 
so there must be points in this set, where g vanishes. But this means that x is an 
accumulation point of the set {y £ D : g{y) = 0}. By the continuity of g this implies 
, 9 (x) = 0. 



(hi) By (ii) and Lemma I3T21 we have g € W^°° <-?> Wp , so with / also b is in this space. □ 



8. Real interpolation of the spaces W^ p (Q) 

In this section we establish interpolation within the set of spaces {W^ p (n)} p£ [i^ . There already 
exist interpolation results for spaces of this scale which incorporate mixed boundary conditions 
(compare |43j . |25| ) but - to our knowledge - not of the required generality concerning the Dirich- 
let part. The key ingredient for this generalisation will be the Caldcron-Zygmund decomposition 
proved in Section [7] 

8.1. The interpolation result. The main result of this section is the following. 



Theorem 8.1. Let Q and D satisfy A ssumvtions \2A\ and \2.3[ Then for all choices of 1 < po < 

» < »i < oo we have for a = ) p ~ Po ^ Pl 
1 1 L — ■> (pi—po)p 

w¥(n) = (w¥°(n),w^(si)) ap 

with equivalent norms. 

We recall the following complex reiteration theorem: 

Theorem 8.2. [131 114) For any compatible couple of Banach spaces (Aq,Ai) we have 

[(Ao,A 1 )x ,p ,(A ,A 1 )x 1 ,p 1 ] a = (A ,Ai)p iP 

for all Ao, Ai and a in (0, 1) and all po,pi in [1, oo], except for the case po = p\ = oo. Here (3 
and p are given by (3 = (1 — a)Ao + aAi and - = + 

^From this theorem and our real interpolation Theorem 18.11 a complex interpolation result for 
Sobolev spaces W^ p {n) follows. 



Corollary 8.3. Let and D satisfy Assumptions \zA\ and \2.3l For l<pQ<p<pi<oo and 
a = -M- = pi , {p - po \ , we have 

— — p(Pi— PO) ? 

PO PI ^^^^ i 

[w^(n),w^(n)] a = w^(n). 

8.2. The i^-Method of real interpolation. The reader can refer to [12], [13] for details on 
the development of this theory Here wc only recall the essentials to be used in the sequel. 

Let Ao, A\ be two normed vector spaces embedded in a topological Hausdorff vector space V. 
For each a G Ao + A\ and t > 0, we define the if-functional of interpolation by 

K(a, i, A ,Ai) = inf (||a || a„ + t\\ai \\ Al ) ■ 

a— ao+Q-i 

For < < 1, I < q < oo, the real interpolation space (Aq,Ai)q q between A$ and A\ is given 

by 

(A ,Ai) e , q = {a e A + A 1 : \\a\\ e , q := (J (t- e K(a,t,A ,A 1 )) q y) 1 9 < oo}. 

It is an exact interpolation space of exponent 9 between Ao and A\ , see Q3J Chapter II] . 
The proof of the following reiteration theorem can be found in [13] Theorem 3.5.4, p. 51]. 
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Proposition 8.4. Let (Aq,Ai) be a compatible couple of Banach spaces and let 1 < qi < oo and 
< 6i < 1 for i = 0, 1 with 9q ^ 9\ be given. Then 

((A ,A 1 ) 6otqo , (Ao > A 1 )e 1 ,q 1 ) v q = (A 0i Ai)e,q, 

where 1 < q < oo, < 77 < 1 and = (1 — 77)^0 + ■ 

Definition 8.5. Let / : X —> R be a measurable function on a measure space (X,fi). The 
decreasing rearrangement of / is the function /* : ]0, 00 [ — > M defined by 

/*(<)= inf{A: fi({x: \f(x)\> \}<t}. 

The maximal decreasing rearrangement of / is the function /** defined for every t > by 



r*(t) = 1 y o r( S )d S . 

Remark 8.6. It is well known that when X satisfies the doubling property, then (M /)* < Cf**, 
where M is again the Hardy-Littlcwood maximal operator from (|7.1[) . This is an easy consequence 
of the fact that M is of weak type (1, 1) and of strong type (00, 00), see [12l Theorem 3.8, p. 122], 
and fi({x : |/(x)| > /*(*)}) < t for all t > 0. 

We refer to [12], [13] for other properties of /* and /**. 

We conclude by quoting the following classical result (Q2J p. 109]): 

Proposition 8.7. Let (X,/i) be a measure space with a a -finite positive measure (j,. Let f 6 
L 1 {X) + L°°(X). We then have 

(i) K(f,t,L\L°°)=tf**(t) and 

(ii) for 1 < po < p < Pi < 00 it holds (L Po , L Pl )g tP = LP with equivalent norms, where 

i/p = (1 - 9)/p + e/pi with < e < 1. 



8.3. Proof of the interpolation result. The proof of Theorem 18.11 is based on the following 
estimates for the X-functional. 

Lemma 8.8. Let 1 < p < 00. We have for all t > 

K(f,t,W%\W%°°) > CttHfr® + |V/|**(*)) for all f e W^ 1 + W%°° 

and 



W^ 1 ,!^ 00 ) < C 2 t(\Vf~r(t) + \f~r(t) + for all f e W]f 



m 

The constants C\, Ci are independent of f andt, and f = (£/ is the Sobolev extension of f from 
LemmaWM 



Proof. For the lower bounds, let / € W^ 1 + W^j 00 be given. Then due to Proposition 18. 71 (i) 



K{f t t,W^ t W}r) > L i f n L (ll/oll^+*ll/ilU-) + f i f n L (IIW0IU1 + *||V/ 1 || L »)) 

J=/o+/l J=J0+J1 

= C(K(\f\,t,L\L°°) + K(\Vf\,t,L 1 ,L°°)) = Ct(\f\**(t) + |V/|**(t)). 
Now, for the upper bound, we consider / <E Wjf . For every t > we set 

a(t) := (M(|V/| + |/| + |£|))*(t) 
and we recall from the proof of Lemma 17.11 the notation 

E = Et = {x 6 R d : M(|V/| + |/| + |^-|) (x) > a(t)}. 
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Remark that with this choice of a(t), we have \Et\ < t for all t > 0. Furthermore, due to 
Remark I8J1 applied with X =R d 



(8.1) 



a(t) < C MV/T* + I/I** + 



d D 



(t). 



Now, we take the Calderon-Zygmund decomposition from Lemma 17. II for / with this choice of 
a(t). This results in a decomposition of / e Wp P as / = g + b with b <G Wjj and g € W^°° 
Invoking, Corollary 17. 3l|(ii)| we have llglj^i,^ < Ca(t) and from (|7.19p we deduce 

< Ca(t)J2\Qj\ < Ca(t)\E t \ = Cta(t). 



Combining these estimates with (|8.1[) . we find 

K(f,t,W^\W^°°) < \\b\\ w y + < Cta(t) < Gi(|V/T*(i) + |/T*(<) + (t) 

for all / € Wp P and for alH > and this was the claim. 



□ 



Proof of Theorem \8.1[ By the reiteration Theorem 18.41 it suffices to establish the special case of 
po = 1 and pi = oo, i.e. Wjf = (WjJ , Wp 0a )i_i/ PtP with equivalent norms for 1 < p < oo. 

First, since f2 is bounded we have W^ p W^,' W^/ 1 + W^' 00 . Moreover, for / G we 
have due to Lemma [ 



1/11 



i-i/p,p 



o 



°°\t^K(f^w 1 d \w 1 d n] P Y) 1/P 



< c 
= c 



oo 



|V/| 



^ p (|V/|**(t) + |/|"(i) 
\d D 



d D 



(*) 



Pdt\ 1 /p 

T 



'mce ||5 \\ LP( 



Lp(R+) 

Iff* l|ip(K + ) = II 9 II lp , this allows us to continue 

/ 



- < ^ll/llvVo' p (M d ) - ^ll/llwo' p 



thanks to the Hardy inequality in (|7.3[) and the continuity of the extension operator that assigns 
/ to /. 

Conversely, let / € {Wd > ^D°°)i-i/p.p- Then, invoking the lower estimate in Lemma \8. 81 we 
find as above and investing that g i— > g** is sublinear 

ii/Hi-i/p, p > c(J™[t^(\fr{t) + | V /r*w)] p y) 1/p = c||i/r* + iv/n iP(R+) 

> g||(|/| + |v/|)**|| iP(R+) > cm/1 + iv/nu, > 

It remains to check the right boundary behaviour of /, i.e. / G Wrf . In order to do so, we use the 



fact that W^nH^' 00 is dense in (W^ 1 , W^ 00 ) 1 _ 1 / PtP , see [T31 Theorem 3.4.2]. If / = lim^oo /, 



-l.i 



n— >oo J n 



for some sequence (/„) in Wjj CiW^ 00 , then the limit is also in W 1,P (Q) by the above inequality. 
As W£°° C W]f by Lemma [321 we have /„ € W^' p for every n € N. As this space is closed in 
W 1 ^, this yields / G and we find 



l/l 



ir 



i-p < C||/||i-i/p, P - 



□ 
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9. Off-diagonal estimates 



As a next preparatory step towards the proof of Thcorcm l5.H we show that the Gaussian estimates 
imply L p -L 2 off-diagonal estimates for the operators T(t) := e~ tA ° and tAoT(t). 

Lemma 9.1. Let p £ [1,2] and let E, F C Q, be relatively closed. Then there exist constants 
c, C > 0, such that for every h £ L 2 PI LP with supp(/i) C E we have for all t > 



(i) \\T{t)h\\ L 2 (F) < cj(d/2-d/ P )/2 e - c -H— ii^u^ f orp >i and 

(ii) \\tA Q T(t)h\\ L 2 {F) < CT W2-<V P )/2 e -c^2i m ^ forp> L 



Proof. (i) We denote the kernel of T(t) by k t . Since A = — V • /iV + 1, using the notation 

of Proposition ^. 51 we have k t = e~* K t . Thus for k t we have the Gaussian estimates 

0<fc t (x,y)<^e- c ^, i>0,a.a. xjeS], 

without the term e et . Using these, a straightforward calculation shows 

\\T(t)h\\h( F) < ^ c ~ C ^\\ c ~ C ^^\\w 

where we denoted by h the extension by of h to the whole of M. d . Now, applying 
Young's inequality to bound the convolution one obtains the assertion, 
(ii) In a first step, we observe, that it is enough to show the assertion in the case p — 2. In 
fact, we have by the first part of the proof (set E = F = Vt and p = 1) 

\\tA T(t)h\\ L 2 {F) < \\T(t/2)tA Q T(t/2)h\\ L 2 < Ct- d ^\\tA T(t/2)h\\ L1 

< Ct-^WhUi, 

since T{t) extrapolates to an analytic semigroup on L 1 by the Gaussian estimates, cf. 
[33] or [3]. Admitting the assertion in the case p = 2: 

\\tA T(t)h\\ L2(F) <Ce- cfi ^||/i|| L2 , 

the result then follows by interpolation using the Riesz-Thorin Theorem. 

In order to prove the off-diagonal bounds in the case p = 2, we apply Davies' trick, 
following the proof of [5J Proposition 2.1]. Since this procedure is rather standard, we 
just give the major steps. 

For some Lipschitz continuous function ip : CI — > M with HV^Hl 00 < 1 and g > we 
define the twisted form 

a e (u,v)= I (ii\7{c- etp u) ■ V(e w T7) + uv) dx, u, v G D(a e ) := W^ 2 . 
Jn 

Setting k := 2gi 2 ||/i|ji,=o and estimating the real and imaginary part of the quadratic form 
a B + k — 1 one finds that the numerical range of a e + k lies in the (shifted) sector 5 + 1, 



where S := {A € C : |ImA| < y-^jj^ReA} and fj., is the ellipticity constant from 
Assumption 14.11 

In the following we denote by A g the operator associated to the form a g in L? . Since 
A g + k — 1 is maximal accretive, cf. [33 Ch. VI. 2], its negative generates an analytic 
Co-semigroup e~ tAe on L 2 and A g even admits a bounded H°°-calculus there, cf. [16l 
Ch. 2.4]. Applying the functional calculus of A g , for every t>0we find 

||L4 e e- M e|| < \\t{A e + K)e- t{A e +K) \\e tK +\\e- t( - A e+^\\tne tK 

(9.1) < Cc tK +Cc 2tK < (7c 4e!tWiI ° 
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Recalling, that the form domain W^ 2 is invariant under multiplications with e ev by 
Proposition 14.41 (hi) | it is easy to verify, that for every /gL 2 with e~ ev f £ D(Aq), we 
have A e f = — e ev Aq e~ w f. From this we then deduce 

R(X,A e ) = e ev R{X,A )e- ev , for all A > g 2 \\n\\ L °°, 

which finally yields for every / £ L 2 



-tA c 



f 



lim 

n— >oo 



R(n/t,A e ) f 



i ev lim 

n— J-oo 



R(n/t, A ) 



J 



'T(i) e~ ev f. 



Now we specify (/3(x) = d(x, E) for x£Sl. Then for every h £ L 2 with support in E and 
all g,f>0wc get 

tA T(t)h = -t^-T(t)h = t A e e~ tA ° e 0V h = t e~ S(p A e %~ tA " h, 
as (p = on the support of h. This yields for all g, t > 
\\tA T(t)h\\ L 2 {F) = \\tc-^-^ A e e- tA " h\\ L 2 {F) < c~^ E ^ \\tA e e- tA ° h\\ L * 
< Cc 4 e 2 UW^t-ed(E,F) || fc || £aj 

thanks to (|9.1[) . Minimizing over g > finally yields the assertion with c = (8||^||ioo) _1 . 

□ 



10. Proof of the main result 

We now turn to the proof of Theorem 15.11 Building on the hypotheses that the assertion is true 
for p = 2, cf. Assumption I4.2[ we will show the corresponding inequality in a weak (p,p) setting 
for all 1 < p < 2. Then our result follows by interpolation. More precisely we want to show the 
following. 



Proposition 10.1. Let f2 and D satisfy Assumptions \2. 1\ and \2.3\ and let \x be such that Assump- 
tions \4^T\ and \4-2\ are true. Then there is a constant C > 0, such that for all p £ ]1, 2[, for every 
f £ and all a > we have 

(10.1) 



\{xen:\A 1 /2 f(x)\>a} \ < 



Proof. We follow the proof of Lemma 4.13]. Let a > 0, p £ ]1, 2[ and / £ be given. We 
apply the Calderon-Zygmund decomposition from Lemma 17.11 to write f = g + bj- hi au 

what follows the references (1) - (6) will stand for the corresponding features in Lemma \7. II 
Since Cg 3 W^j 2 = dom L 2(A^ 2 ), by Corollary I7.3l| (hi) | also the functions g and b = J2jei 

are in the L 2 -domain of A\j 2 . Thus, we can estimate 
(10.2) 

|{x £ SI : \Al /2 f(x)\ > a}\ < |{x £ fi : |^ /2 5 (x)| > |}| + |{xe tl : | (A^b) (x)|> |} 
and our aim is to bound both terms on the right hand side by C||/||^ 1:P /a p . 

D 

The one containing g is as always the easy part. We first note, that thanks to |(6)| and (2) 
know 

\\g\\w^ < c Wf\\w^ and \\g\\ w ^<Ca. 

By interpolation this yields 



IS I 



W 1 D ,2 - ^ IIJ \\ W ^P- 

2 



< cibll 



1.9 



| 2 "i P oo < Ca 2 ~ p \ 



This implies, using the Tchebychev inequality and the L 2 result in Proposition 14.41 (iii) 



{xett:|4 /2 5 (x)|>!} 



* ^l^lli- < §1 



sllw 



in/life 
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Let's turn to the estimate of the second part in (|10.2j) . We first recall the integral representation 
of the square root 

Al /2 u = — A e~ t2Ao u dt for all u g dom £ 2 {A]J 2 ) 1 
v^r Jo 

which can be deduced straightforwardly from the well known formula (see [451 Ch. 2.6]) 



-1/2 



Vt 



dt. 



This yields 



{x g n : I (Al /2 b) (x) I > I } I = I {x g : | = (a b) (x) di| > f } 



= lim sup 



{"H^f>^"<>)<*H>?} 



Now, it is interesting to note that this last integral converges for every LP function at the place 
of b thanks to IIAie' 



-fA 



In the following we denote again by ij the side-length of the cube Qj, j G I, and wc set rj := 2 
for that value of k g Z, such that 2 k < ij < 2 k+1 . With this notation we split the integral for 
every m £ N: 



< 



{ xe H^i>°^"i>)< x H>!} 

{ xe : l^f*'"' A o c ~ t2A ° b A x ) < 



(10.3) 



r 1 r°° 

X6fi: V A 



e"' Ao 6j(x) dt 



> 



For the estimate of the first integral we may restrict ourselves to the case Tj > 2~ m , since 
otherwise there is no contribution from this term. We do the usual trick to split off the union of 
the sets AQ L , l £ I, that does not produce any sort of problem due to 



(4) 



C 



So, we only have to estimate 



{x 6 n \ (J 4Q t : \£ f 3 A c- t2A « 6,(x) dt\ > ^} 



jeI J2 ™ 



> 



; }|- 



By the Tchebychev inequality we get 
C 



(10.4) 



< 



l(U, eJ 4Q,)<= / ^ 



e * Ao 6j df 



In order to estimate this norm we take u g L 2 (f2) with ||u||l2 = 1. Then 

Jn j eI J2-™ 1 . £J ^f2 J2-" 1 



c-*" Ao &, dt 
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We now split the integration over fl into frame-like pieces and apply the Cauchy-Schwarz inequal- 
ity. Note, that the characteristic function results in the sum over k starting only at k = 2. 

(10.5) 



< 



< 



EE 

jei fe =2 J ( 2fc+1 QA2 fc Q J )nf2 



EEI 



lL 2 ((2 fc + 1 Q j \2 fe Q)nn) 



A e- J A ° bj dt 
A e~ t2Ao bj dt 



L 2(( 2 fc+iQ j \2fcQ)nn) 



j£l k=2 

In order to estimate the first factor of the last expression, we identify u with its trivial extension 
by zero to W 1 . Then we let appear the maximal operator to obtain for every y € Qj 



l U IL 2 ((2 fc + 1 Q J \2 fc Q)nf2) - 



2 k + 1 Q j 



< C2 d{k+1) \Q 



1 



j\ J2 k + 1 Q j 



\u\ 2 <C2 dk l d [M(\u\ 2 )](y). 



Applying the off-diagonal estimates for t 2 A e t2j4 ° from Lemma 19.11 with the set Qj HQ a,s E, 
{2 k+1 Qj \ 2 k Q 3 ) nOasF, d/(d - 1) as p and bj as h, we get 

ll^c-' 2 ^^|| i2((2fc+lQA2fcQj)nn) < ^D e -^ 



< 



C 



e~ c -v- 116 



j\\ L d/(d-D, 



fl+d/2 

since d(E, F) > d(Qj,2 k+1 Qj \ 2 k Q 3 ) > c{2 k i 3 - lj) > c(2 k - l) rj > c2 k r 3 thanks to k > 2. 

According to |(3)| the functions bj are from Wj-j . Exploiting the Sobolev embedding W^ 1 
L d/(d-i) (- cf Remark^ 

(10.6) ||6,-|U-/w-D < C\\b 3 \\ w i,i < Ca\Q 3 \ < Cal d . 

Putting all this together we find for our second factor 



A e"* A ° bj dt 



L 2 ((2 k + 1 Q J \2 k Q j )nQ) 



< 



2-' 



t A 

\A e~ &il|L2(( 2 fc + iQ j .\ 2 fcQ i)nn) dt 



< Cal d 3 



1 



fl+d/2 



(If 



< Ca£ d r- d/2 2- kd / 2 / s ~ 1+d / 4 C - s ds, 

J ci k 

which is now independent of to G N. Since the integrand is positive and r, > 2l 3 we may continue 

poo 

< Ca£ d/2 2~ kd / 2 e" c4 * / S - 1+d / A e"^ 4 * ds 



Cae d/2 2 -kd/2 e ~c4 k / ( CT + c 4fc)-l+rf/4 c - da 

JO 
poo 

Ca£ d / 2 4- k c" c4fc / (aA- k + c)" 1+d / 4 e" CT da. 
Jo 



This last integral is bounded uniformly in k > 2. In fact, if d > 4, then we estimate 4 _fc < 4~ 2 
and if d < 4, we may just estimate by dropping out the whole oA~ k . So, estimating once more 
4~ fc < 4~ 2 , we end up with 



J ' A e- t2A <> bj dt 



<Cae d/2 e~ c4k 

L 2 ((2 k + 1 Q j \2 k Q j )nn) J 
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Coming back to (|10.5[) we thus have 

' <C2 kd / 2 e d / 2 ([M(\u\ 2 )](y)) 1/2 a£ 



2o 



J(2 k + 1 Q<\2 k Q<)nn Ji 



A e~ l Ao bj dt 

'(2 k + 1 Q j \2 k Q j )nn 

for every y 6 Qj. Averaging over y the inequality remains valid and we get 



k=2 J(2 fc + 1 Q j \2 fc Q ;j )nn 



A e~ l A ° bj dt 



iei k=2 J{ - 2 

<CEE^T / «2^e-- fc ([Af(| U | 2 )](y)) 1/2 dy 

^a^rfy^c^ / ([A/(| U | 2 )](y)) 1/2 dy. 

The sum over fc now turns out to be convergent, so we continue 

<Ca [ ^l Q3 (y)([M(| W | 2 )](y)) 1/2 dy<Ca / ( [M(| U | 2 )] (y)) 1/2 dy, 

where we uscd |(5)| in the last step. By the Kolmogorov inequality (cf. [49j IV. 7. 19]) we have 
f ([Af(H 2 )](y)) 1/2 dy<c|UQ/ /2 ||H 2 ||^ 2 (M£i)) < tf(V IQ^VlU- 



Coming back to (|10.4[) . we thus finally achieve (observe, that ||m||l2 = 1) 
{xefA|j4Q t :|£ r ^oe-^^(x)dt|>^} 

, f- I A \r- T J 2 m 



ifrJ 



3'GI' 



< 



c 



C 



aP 



by[H 



We turn to the estimate of the second addend on the right hand side of (| 10 . 3[) . For this task, 
we will need the notion of a bounded H. °° -calculus. The definition and further information can 
be found in [TB] or [/To] . 
We define the function 



Hz) 



/oo 
ze"' !z dt, Re(» > 0. 

We show that 

if> £ := {/ : E p -)■ C analytic and 3e > s.t. |/(z)| < C for all z € S M | 

for every ^ € ]0,7r/2[, where := {z £ C : |arg(z)| < /i}. In fact we have substituting 
r = t 2 Re(z) - Rc(z) 

(i + M) 2e 



/oo 
|je| 1 - 8 (l + |*|) 28 e-* aito « dt 

r°° i 
= / |z|i-(l + |z|) 2 ^e-e- Rc ^ —====== 

Jo 2^Re(z)(r + Re(z)) 

/•OO — t 

< C|z| 1/2 - £ (l + |z|) 2e e- c l z l / -^dr, 



dr 



since Rc(z) ~ |z|, thanks to | arg(z)| < \i < n/2. Thus, we may choose e £ ]0, l/2[ 
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Furthermore, we have for every z€C with Re(z) > and every r > 

1 



-ip(r z) = 



ze 



dt. 



so since Ao has a bounded H°°-calculus on L q , see Proposition 14.61 (ii) we have the equality of 
operators 

""> , i 

A e~* A ° dt = -ip(r 2 A ) 
r 

in L q for every 1 < q < 2. Thus, denoting Ik '■= {j € / : rj V 2~' m = 2 k } for every fceZ, we get 

A e~^ b 3 dt = £ £ — — ^((r i V2-) 2 A )6 j = 5>(4*4,) £ 
jtj j v2 771 kezjei k 3 ^ fcez je/ fc 

After these preparations we actually start the estimate. Let q := — 1) be the Sobolcv 

conjugated index to 1. Using the Tchebychev inequality for this q, we get 



rj V 2" m 



{xefi: E / A,e-* 2Ao &,(x) 



< - £ 



e"* A ° 6, dt 



dt > 



C 



8 



•}l 



r, V 2~ m 



</ 

Li' 



Observe, that the sum over k is in fact a finite sum, since Ik is empty for k < —m by definition 
and for large k by the finite measure of E, cf. (|7.4p . Thus, there is no convergence problem in 
applying Lemma 110.21 which helps to estimate this expression further by 



< 



C_ 

ofl 



£|£ 



r, V 2~ m 
fcez jG/fc J 



2n 1/2 



Li 



n" 



ElE 



6,(x) 



- n v 2-™ 



2 N g/2 



dx. 



Now, by |(5)| the sum over k is finite for every x € f2 and the number of addends is even bounded 
uniformly in x and in m, so by the equivalence of norms in finite dimensional spaces, we may 
continue to estimate by 



< 



C_ 

ofl 



ElE 



6,(x) 



fcez jeik 3 



i , C 
dx < — 

~ ofl 



E 



l^-(x)| 



Ti V 2~ m 
jei J 



dx. 



Next we estimate rj V 2 m by rj and, using again the equivalence of norms in the finite sum over 
j, we get 



< 



C_ 

ofl 



E 



(EH)) 

Summarizing we have shown 



£d/(d-l) _ we gee ag m 

6,(x)| 9 dx = || bjf L9 < C(a£<*) q = CaHf. 



jei J jei 
Using once more the Sobolev embedding W 1,1 



{^0: |E f A,e-^ bi (x)d*| > < ^E^'^E^ 

jei Jr i y2 m jei jei 



^£i^i<§ii/ir^ 



using one final time |(4)[ 



□ 
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It remains to prove Lemma liO.21 which serves as a substitute for Lemma 4.14 in [5]. We give a 
different proof, that instead of L p -L 2 off-diagonal estimates relies on the H 00 functional calculus 
of the operator and gives the assertion for the full range of 1 < q < oo. 



Lemma 10.2. Let 1 < q < oo. let —B be the generator of a bounded analytic semigroup on L q , 
such that B and B' admit bounded H 00 -calculi on L q and L q , respectively and let if) G -Hq^E^) 
for some <f> G 7r] ; where ip^ is the T-L 00 -angle of B. Then for every choice of functions 

fk G L q , k G Z ; we have 



\j2^ k B)f k 



< C 



Li 



fcez 



1/2 



Li 



whenever the left hand side is convergent. 

Before starting the proof, we observe, that thanks to [36l Theorem 5.3], the operator B even 
has an 7?.-bounded H°°-calculus of angle ip^ on L q , which means, that for every <f> > ip^ and 
every bounded set of functions 5 C H 00 ^^) the set of operators {£,{A) : £ G S} is 7?.-bounded in 
C(L q ). Here a set T C C(L q ) is called 7^-bounded, if there is a constant C > 0, such that for every 
N e N, for every choice of functions fk G L 9 , fc = 1, . . . , N, operators Tj. G T, k = 1, . . . , N, 
and { — 1, l}-valued, symmetric and independent random variables e k , k = 1,...,N, on some 
probability space S, we have 



N 



k=l 



N 



L 2 (S;Li) 



<C\\J2^fk 



fc=l 



L 2 (S;Li) 



In the proof of Lemma [10.21 we will use the following Lemma from [551 Lemma 4.1] (see also 

US)- 

Lemma 10.3. Let 1 < q < oo, let —B be the generator of a bounded analytic semigroup on L q , 
such that B admits a bounded T-L 00 -calculus on L q and let ip G H^°(T,,f,) for some cj) G jyj^ ,7r]. 
Then there is a constant C > 0, such that for every bounded sequence {ctk) k £i ^ C and every 
t > we have 



\j2^(2 k tB) 



kez 



< Csup \a k \ 

C(Li) k& 



Proof of Lemma [WM Since ip G there exists an e > with \ip(z)\ < C\z\ e /(1 + \z\) 2e 

for all z G E^. Let S G ]0, e[ and set 



M*) ■= 



(1 + *) 



26 ■ 



(l + z) 25 



-ip{z), zes, 



Then we have fa, fa S #0°^), V = V'lV'a and (fa(B))' = Vi(-B')- 

Now, let iV G N and let g G with = 1, where 1/q + l/q' = 1. Then for every family 

of { — 1, l}-valucd, symmetric and independent random variables e k , k = —N,...,N, on some 
probability space S, we have 



N N 

]T (faA k B)f k )(x)g(x) dz = | / ^ 4(a) / (^ 2 (4 fc i?)/ fc )(x)(^(4 fc J B')3)(x) dz da 

AT J S J„ AT Jn 



k=-N 



k=-N 
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Since the random variables ek, k = —N, . . . , N, are independent and thus orthogonal in L 2 (S), 
we may write this as 



< 



. „ N N 

\ E tk(«)(M4 k B)f k )(x) ]T e 3 (a)(— 1 (^B')g)(x)dx 



k=-N j = -N 

and using twice the Holder inequality we estimate by 

N N 

y eM4 k B)h 

L 2 {S;Li) 



da 



< C\\ e k M± k B)f k 



k=-N 



J2 e^B')g 

j=-N 



L 2 (S;Li') 



Now, in the first factor we use the 7\L-boundcd H^-calculus of B. Since the set of functions 
•j> 2 (4 fc -) : k G Z} is bounded in H 00 ^), we get 



N 



E ^M^B)fk 



L 2 (S:Li) 



L 2 (S;Li) 



< c 



N 

( E \h 



'k=-N fc=-JV ' k=-N 

where the last inequality follows from Khinchin's inequality (cf. jT7j 1.10]) 
In order to estimate the second factor, we apply Lemma 110.31 and get 

JV N 

I £ eM^B')g 

j=-N 



1/2 



, M / E ^(^)M^B') 



C(Li') 



3llL' dcr 



1/2 



< 



/ ( B ffp | £j (<7)|) 2 d CT ) 1/2 =l. 
JS j=-N ' 



This implies 

TV 

I E ^ k B)fk 



k=-N 



geLi ;\\g 



. N N 

sup I / Y, {^ k B)f k )(x)g(x) dx\ < C\\ ( Y \fi 

' ;llflll. „' =1 J ^ k= — N 1 — - w 



1/2 



k=-N 



for every iV G N. Letting 2V — )- oo the assertion follows. 



L9 

□ 



Corollary 10.4. A^ 2 extends to a bounded operator from W^ p to (L°° ,-L 1 )! x for all 1 < p < 2. 

Proof. It is known that the weak Lebesgue space ££,(f2) is identical to the real interpolation 

space (L 00 ,^ 1 )!^, and the quasinorm / i-> sup t>0 i p |{x : |/(x)| > t}\ is equivalent to the 
p ' — 

(L 00 ,!?-)! -norm (see [50l Ch. 1.18.6]). Thus, inequality (110. II) can be interpreted as follows: 
A^ 2 is a continuous operator from C^(ri) - equipped with the Vy 1,p -norm - into the Banach 
space (L°°, L 1 )! oa . Hence, Aq 2 uniquely extends by density to a continuous operator from Wp P 
into (Z/°°, L 1 ) i P qo . □ 



Let us now come to the final step of the proof of the second assertion of Theorem 15.11 Up to 
now, we have the two continuous mappings 



< /2 : W¥ 



L 2 = i 1 ] 



and 



Al' 2 ■ ^' p 
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for all 1 < p < 2. Let q £ ]1,2[ and choose p £ ]1,<?[- Using real interpolation, this gives the 
continuous mapping 

A 1 ,' 2 : (W^,W^)e, g -+ {{L°°,L 1 ] L2 ,(L™ 7 L 1 ) hoo ) eq = (L\ L P)00 ) m , 

where L p>oa is a Lorentz space, see [13]. Setting 6 = ^§5^j the left hand side is equal to W^j q by 
Theorem 18.11 and the right hand side equals L q according to [T3J Thm. 5.3.1]. This finishes the 
proof. 

Corollary 10.5. Under the above assumptions one has for p £ ]1,2] and f3 £ ]0, |[ 
(10.7) dom LP (A^) = [LP,W^ p ] 2 0. 



Proof. The operator Aq admits bounded imaginary powers, according to Proposition 14.61 (ii 



Hence, (| 10 . T[) follows from a classical result, see |50[ Ch. 1.15.3]. □ 

Remark 10.6. In view of this result it would be highly interesting to determine also the inter- 
polation spaces in formula (|10.7[) . We suggest the formula 

{TI&-P if f) 1 

H e ' p being the space of Bessel potentials and H^j p being the subspace which is defined via the 
trace-zero condition on D. Unfortunately, we are not able to prove this at present; but in the more 
restricted context of so called regular sets (|10.8[) is shown in [25]. Compare also [29] Section 5] 
for a simple characterization of regular sets in case of space-dimensions 2 and 3, and see also [33]. 

11. Consequences 

In this section we come back to the original motivation of our work, namely to carry over results 
which are known for divergence operators, when acting on L p spaces, to the spaces from the 
scale l9 , q £ [2, oo[, compare also [5], [UJ Section 5], [30], [35]. In particular, this affects 
maximal parabolic regularity, which is an extremely powerful tool for the treatment of linear and 
nonlinear parabolic equations with nonsmooth data, see e.g. [46] or }30j . The crucial point is that 
here an explicit, discontinuous time-dependence of the right hand side is admissible - relevant 
for applications. Moreover, the spaces ' q allow to include distributional right hand sides; the 
reader may think, e.g. of electric surface densities, concentrated on interfaces between different 
materials - even when these interfaces move in time. 

Definition 11.1. Following [50] Ch.1.14], we call a densely defined operator B on a Banach 
space X positive, if it satisfies the resolvent estimate 

(11-1) \\{B + X)~ x \\c{x) < Y^f\ 

for a constant c and all AG [0, oo[. (Note that a positive operator is sectorial in the sense of [TBI 
Ch. 1.1].) 

Let us recall the notion of maximal parabolic regularity. 

Definition 11.2. Let 1 < s < oo, let X be a Banach space and let J := ]Tq, T[ C M be a bounded 
interval. Assume that B is a closed operator in X with dense domain D (in the sequel always 
equipped with the graph norm). We say that B satisfies maximal parabolic L S (J;X) regularity, 
if for any / £ L S (J;X) there exists a unique function u £ W ' S (J;X) n L S (J;D) satisfying 

u +Bu = f, u(T ) = 0, 

where the time derivative is taken in the sense of X-valued distributions on J (see [TJ Ch III.l]). 
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Remark 11.3. (i) It is well known that the property of maximal parabolic regularity of an 

operator B is independent of s £ ]1, oo[ and the specific choice of the interval J (cf. [18]). 
Thus, in the following we will say for short that B admits maximal parabolic regularity 
on X. 

(ii) If an operator satisfies maximal parabolic regularity on a Banach space X, then its 
negative generates an analytic semigroup on X (cf. )18j). In particular, a suitable left 
half plane belongs to its resolvent set. 

Lemma 11.4. Let X, Y be two Banach spaces, where X continuously and densely injects into Y . 
Assume that B is a positive operator on X , such that B° : X — > Y is a topological isomorphism 
for some j3 £ ]0, 1]. Then the following holds true. 

(i) B admits an extension B on Y , which also is a positive operator there. 

(ii) If B admits an H 00 -calculus, then B admits an Ji 00 -calculus with the same T-L 00 -angle. 

(iii) If B satisfies maximal parabolic regularity on X , then B satisfies maximal parabolic 
regularity on Y . 

Proof. The well-known Balakrishnan formula B~& = J °° t'^iB + t)' 1 dt (see [45j Ch. 2.6]) 

shows that the resolvent commutes with the fractional power B~p . Hence, for ip £ X and A > 
one can estimate 

\\(B + A)-Vlk = \\B P (B + Ar^-^Hy 

< \\B fj \\ C (X;Y)\\(B + Xr'WcmWB-^WciY^UWY 

< \\B?\\c(x-,Y)\\B-e\\c(Y-,x)Y^U\W- 

This shows that the resolvent of B may be continuously extended to Y and that this extension 

admits the estimate || (B + A) -1 \\c(Y) < Tf\- Thus, one defines the extension B of B to Y 

as the inverse of B^ 1 . Since X Y, domjf(-B) domy(£?). But donix(-B) is dense in 
X by the definition of a positive operator and X was dense in Y by our assumption. Thus, 
domy(B) D domx(B) is also dense in Y. For (ii) see [TBI Prop. 2.11]. Finally, assertion (iii) 
is proved in |32[ Lemma 5.12]. The main idea is again that the parabolic solution operator on 
L r {J;X) commutes with the fractional power B~$ . □ 

Theorem 11.5. Let f2 and D satisfy Assumptions \KT\ and \2.3l let fi satisfy Assumptions [^TT] 
and \4-S\ and assume q £ [2,oo[. Then the extension of —V • /iV + 1 from L q to ' q (being 
identical with the restriction from Wp ' ) has the following properties: 

(i) It induces a positive operator. 

(ii) It admits a bounded H 00 -calculus with H 00 -angle arctan H^lh^S ; in particular, it admits 
bounded imaginary powers. 

(iii) It satisfies maximal parabolic regularity; in particular, its negative generates an analytic 
semigroup. 

Proof. Thanks to Remark 14. 3[ the transposed coefficient function /i T also satisfies Assumption 
14.21 Hence, the operator 

(11.2) (-V -fi T V + 1) V2 :W^ P -> LP 

provides a topological isomorphism for all p £ ]1,2], according to Theorem 15.11 Clearly, the 

adjoint operator of (|11.2[) , being identical with the operator (—V • /iV + l) 1 ^ 2 : L q — » W^ 1 ' 9 , 
with q = £ [2, oof, is also a topological isomorphism. Consequently, we need to know the 
asserted properties only on the spaces L q due to Lemma 111.41 
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In order to see this for (i) it suffices to note that on every space L q , 1 < q < oo, the operator 
— V • //V generates a strongly continuous semigroup of contractions (see Proposition 14. 6j) . hence, 
the operator admits the required resolvent estimate by the Hillc-Yosida theorem. 

Assertion (ii) is discussed in Proposition 14.61 and, concerning (iii)| the contraction property of 
the semigroup on all L q spaces, provides maximal parabolic regularity on these spaces due to a 
deep result of Lambcrton (see [39]). □ 
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